ON KATO-SOBOLEV SPACES 
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Abstract. We investigate some multiplication properties of Kato-Sobolev 
spaces by adapting the techniques used in the study of Beurling algebras by 
Coifman and Meyer I Co-Mel . We develop an analytic functional calculus for 
Kato-Sobolev algebras based on an integral representation formula belong- 
ing A. P. Calderon. Also we study the Schatten-von Neumann properties of 
pseudo-differential operators with symbols in the Kato-Sobolev spaces. 
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1. Introduction 

In this paper we study some multiplication properties of Kato-Sobolev spaces, 
we develop an analytic functional calculus for Kato-Sobolev algebras and we prove 
Schatten-von Neumann class properties for pseudo-differential operators with sym- 
bols in the Kato-Sobolev spaces. Kato-Sobolev spaces were introduced in [K] by 
Tosio Kato and are known as uniformly local Sobolev spaces. The uniformly local 
Sobolev spaces can be seen as a convenient class of functions with the local Sobolev 
property and certain boundedness at infinity. We mention that H^i were defined 
only for integers s > and play an essential part in the paper. In this paper, Kato- 
Sobolev spaces are defined for arbitrary orders and are proved some embedding 
theorems (in the spirit of the [K]) which expresses the multiplication properties 
of the Kato-Sobolev spaces. The techniques we use in establishing these results 
are inspired by techniques used in the study of Beurling algebras by Coifman and 
Meyer [Co-Me| . Also we develop an analytic functional calculus for Kato-Sobolev 
algebras based on an integral representation formula of A. P. Calderon. This part 
corresponds to the section of pK, where the invertible elements of the algebra 
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are determined and which has as main resuh a Wiener type lemma for H^^. In 
our case, the main resuh is the Wiener-Levy theorem for Kato-Sobolev algebras. 
This theorem allows a spectral analysis of these algebras. In Section 2 we define 
Sobolev spaces of multiple order. Uniformly local Sobolev spaces of multiple order 
were used as spaces of symbols of pseudo-differential operators in many papers |Blj , 

[B2| By adapting the techniques of Coifman and Meyer, used in the study of 

Beurling algebras, we prove a result that allows us to extend the embedding theo- 
rems of Kato in the case when the order of H^^ is not an integer > 0. In Section 
3 we study an increasing family of spaces {^p} i^p^^ for which IC%^ = T-L^i- The 
Wiener-Levy theorem for Kato-Sobolev algebras is established in Section 4. Using 
this theorem we build an analytic functional calculus for Kato-Sobolev algebras. 
The Schatten-von Neumann class properties for pseudo-differential operators with 
symbols in the Kato-Sobolev spaces are presented in the last section. 



2. Sobolev spaces of multiple order 

Let j G {l,...,n}. Suppose that R" = x ... x R"^ where ni,...,nj € W. 
We have a partition of variables corresponding to this orthogonal decomposition, 
{!,...,«} = [J'l^iNi, where Ni — {k : uq + ... + ni^i < k < uq + ... + ni}. Here 
no = such that A'^i = {1, ni}. 

Let s = (si, Sj) G M-'. We find it convenient to introduce the following space 



(M") = G 5' (M") : (1 -Ak"i)''/^ «)...«) (1 - Ar",)'^/^w G (M")} 



(1- Ar.O''^'«'-® (1- Ak^,)^^/'- 



L2 



u G H". 



For s = (si, Sj) G M-' we define the function 



{{■)r 



X ... X 



where 



and 



l + .Then 

{{D)r = (1 - ar.i ^ ... 0(1- Ar., 

W = {ueS' (R") : ((Z?))"uG (R")}, 



\\u\\^. = \\{{D)ru\ 



L2 J 



UGH" 



Let us note an immediate consequence of Peetre's inequality: 

where |s|-^ = |si| + ... + \sj\ and |s| = (|si| , \sj\) G R-'. Also we have 

((e)r<(o'''s eeK". 

Let k be an integer > or A; = oo. We shall use the following standard notations: 
BC'' (M") = {f eC'^ (R") : / and its derivatives of order < k are bounded} , 



=maxsup /(™) (x) 

m<l 



< oo, I < k + 1. 
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Proposition 2.1. Suppose thatW = M"i x ... x M"^' . Lei s e h = [|s|J+n + 2 
andm, = [\s\^ + + 1. 

(a) u e W if and only if there is I S {1, j} such thatu,dkU e W'^' (M") 
for any k £ Ni, where 5i = (Sn, ...,5i.j). 

(b) // X e ijl^li+T^ (R"), then for every u e W (M") we have xu e (M") 
and 

l|xu||-Hs < C(s, n,x) ||w||„s 
I. 



< ^(s,^) 11x11 , 



< (27r)-"2N^/2||(.}-"-^||^J|x||^,,,^ 



C(s,n)||xli^,.,,+^ <C(s,n) j 5] ||5"xIIl.) 

\ |Q|<ms / 



Here H™' (M") is the usual Sobolev space, to G M. 

(c) If X ^ C^' (K") «s 1/^ -periodic, then for every u G (R") we /lawe x^ £ 
-H^ (R"). 

(d) If si > ni/2, ...,Sj > nj/2, then W (M") C J-^L^ (R") C Coo (K" ). 

(e) Let k. G W . If si > ni/2 + ki,...,Sj > nj/2 + kj, then for every a — 
(ai, ...,aj) e N" = N"i x ... x N"^ |ai| < fci, < fc^ we We 

u e (R") ^ a^ii u e -W"-^ (R") c T'^L^ (R") c Coo («") . 

Proof, (a) This part is trivial. 

(b) Since 5 (R") is dense in (R") and S (R") is dense in + (R") (see 
the Bp.fc spaces in Hormander |H61| vol. 2 ), we can assume that x,u E S (R"). In 
this case we have 

= (27r)~"x*w(C)- 
Now we use Peetre's inequality and ((C))'^' ^ (O'**'^ to obtain 

Then Schur's lemma implies that 

\\xu\\n- = \\{{-)f\xu\\\^2 

< (2^)-" 21^11/2(^1 {rj)^^\^\x{rj)\di^^\\{{-)r\u\\ 



lL2 



Cis,n,x) \\u\\ 
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and Schwarz inequality gives the estimate of C (s, n, x) 

C{s,n,x) = (27r)-"2l^li/2(^y'(r;)l^lMx('7)|dry) 



^1 



Q|<ms 



(c) We shall use some results from |Hol| vol. 1, pp 177-179, concerning periodic 
distributions. If x ^ C*"" {^^) is ^"-periodic, then 



with Fourier coefficients 



X(a;)e 



— 27ri(a;,7) 



da;, I = [0, 1)" , 7 e Z" 



satisfying 



Since e^^ ''') u = u{- — 77), then Peetre's inequality implies that 

<2l^ll/2((,y)>l^l||^,||^. <2l^li/2 (ry)l^lM|*^||„s 



It follows that 



|M|„3 < C.t.2Ni/2||x||ec^,(R„) ^ (27r7)-'==(2^7>'^'^ 



< Cst.2Ni/2 ^ (2^7)-"-M llxlUc^. 



(d) Let u e H^ If si > ni/2,...,Sj > nj/2, then u e (E") since ((•))"^ 
{{■))^u G (M"). Now the Riemann-Lebesgue lemma implies the result. 

(e) is a consequence of (a) and (d). □ 

Lemma 2.2. Let ip e S (M") and e [0, 27r]". // 



7ez 



762 



then 



!fe = ve = (27r)" ^ (27r7 + 9) 52-^+6 ■ 
7eZ" 



Proof. We have 
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where S — '^^^^n S^. We apply Poisson's summation formula, J-' ^X^^ez™ 
(27r)" X^^ez" '^2777, to obtain 

00 ^ ip- (ei<-''')5) = • TgS = (27r)" ip ^ 

□ 

Above and in the rest of the paper for any x € M" and for any distribution u on 
M", by TxU we shall denote the translation by x of u, i.e. TxU = u {■ — x) = Sx * u. 

As we already said the techniques of Coifman and Meyer, used in the study of 
Beurling algebras and (see |Co-Me ] pp 7-10), can be adapted to the case of 
Sobolcv spaces (M"). An example is the following result. 

Lemma 2.3. Let s G M-' . Let {u^}^g2„ be a a family of elements from V.^ (R") fl 
V'j^ (M"), where if C M" is a compact subset such that {K - K) D Z" = {0}. Put 

U = ^ T^U-y = ^ M7 (• - 7) = ^ ^7 * U7 e P' (M") . 

7eZ" 7eZ" 7eZ" 

Then the following statements are equivalent: 

(a) ueW (R"). 

(b) E7eZ" < 00. 

Moreover, there is C > 1, which does not depend on the family {u-y}^^^^, such 
that 

(2.1) C'' \\u\\^. < I J2 Wu^l^A <C\\u\\^.. 

\76Z" / 

Proof. Let us choose (p € (K") such that (p ~ 1 on K and suppyj = K' satisfies 
the condition {K' - K') n Z" = {0}. For 6 € [0, 27r]" we set 

7eZ" 7eZ" 

7eZ" 7eZ" 
Since {K' - K') n Z" = {0} we have 

Step 1. Suppose first that the family {u^}^^j^„ has only a finite number of non- 
zero terms and we shall prove in this case the estimate (|2.ip . Since ug, u € £' C S' 
it follows that 

Ue = {2tt) lyg *u, u — (27r) " vg * U-e, 
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where vg = ipg — (27r)" X^^g^" 'f + f^) <527r7+6i is a measure of rapid decay at 
00. Since ue,u & (M") we get the pointwise equaUties 

(0 = E ^(27r7 + ^) «(C - ^nj - 6) , 
u(0 = ^(27r7 + 6i)u_e(^-27r7-6'). 

By using Peetre's inequahty wc obtain 

.((^_27r7-^)r 2777-^)1, 

and 

((Orn(0<2l^li/2 E ((27r7 + ^))'''|^(27r7 + ^)| 

7ez" 

.((^_27r7-^)r (^-27r7-^)|. 

From here we obtain further that 



< 2l^li/2 E ((27r7 + ^))''' 1^(2777 + ^)1 IKO^^^I 



L2 



, 7ez" 



2l^l./M E ((2^7 + ^))'^' 1^(2777 + 0)1 I N|«» 



and 



IHI^s < 2M1/M E ((2^7 + 0))'^' 1^(2777 + 0)1 h-.ll^s 
\7ez" / 

The above estimates can be rewritten as 

On the other hand, the equaUty ug — J2'yeZ" ©^^'•'^^^t^w^ imphes 

ue {0 = E (0 

with finite sum. The functions 6 — >■ u±g (^) are in ([0, 27t]") and 

(277)-"/ |u±,(e)|'d0= E l%(Ol'- 
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Integrating with respect 6 the above incquahtics we get that 



||2 



2 ^ r^2 II ||2 



Stey 2. The general case is obtained by approximation. 

Suppose that u (M"). Let V e (M") be such that V = 1 on B (0, 1). 
Then ^^u -^uinW (W) where ip" (x) = ip {ex), < e < 1, a; e M". Also we have 

||V"w||„s < C (s, n, V) \\u\\^. , < £ < 1, 

where 



dr] 



C{s,n,i)) = (27r)-"2l^li/2 sup f /(7?)l'li£-" 

0<e<l \J 

= (27r)-"2l^li/2 ( f ^g^^lsl, ^^^^ ^ \ 

0<e<l \J J 

Let m e N, m > 1. Then there is such that for any e e (0, £„] we have 

|7|<m finite 

By the first part we get that 

|7|<m 

Since m is arbitrary, it follows that J^7eZ" 11^7 II < Further from 
X] ll%llw= < C'^,n,¥. ilV'^wll^s , 0<£<£„, 

|7|<m 

we obtain that 

E \\^i\\l^<Cln,M\n^^ ^"^eN. 

|7|<m 

Hence 

— ^s,n,(p ll^llw^ • 

7GZ" 

Now suppose that J^-yeZ" ll'"7llws < For m e N, m > 1 we put u{m) = 
E|7|<m'^7'"7- Then 

||w(to + p) -u(rn)||^. < C^_„_^ ^ 11^7 llw 

m<|7|<m+p 

It follows that {u (m)}„>i is a Cauchy sequence in W (M"). Let v (K") be 
such that u (m) — >■ w in (R"). Since u (m) — >■ u in D' (M"), it follows that u = u. 
Hence u (m) — > w in (K"). Since we have 

|7|<m 7eZ" 
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we obtain that 



□ 



To use the previous result we need a convenient partition of unity. Let G N 
and {xi, ...,xn} C M" be such that 



[0, 1]" c XI 



1 2 

3' 3 



U ... U aiAT + 



1 2 

3' 3 



Let ft! e (R"), ft > 0, be such that ft = 1 on [i, |] " and suppft C [\, |] ". Then 

(a) H = Y^f=i Y^^ei.^ T^+xJi e BC°° (M") is Z"-periodic and H>1. 

(b) h, = ^e C(f (M"), ft, > 0, suppft, C [i, |]" = K„ (K, ~ K,)nZ" = 
{0},t = l,...,N. 

(c) X^ = E^ez" ^jh, G fiC°° (M") is Z"-periodic, i = 1, N and X* = 1- 

(d) = Eti e C^r (M"), ft > 0, E^ez" ^7^^ = 1- 

A first consequence of previous results is the next proposition. 

Proposition 2.4. Let s e and = [|s|^ + ^] + f . Tften 

6C™' (M") • (R") c (R") . 

Proof. Let u G "H** (R"). We use the partition of unity constructed above to obtain 
a decomposition of u satisfying the conditions of Lemma 12.31 Using Proposition 
0(c), it follows that € 'H^ (K"): « = 1, We have 



N 
i=l 



with XiU e (R"), 



ft.r_^uG-H" (R")nl?^. (R")^ 



762 



(X, - X,) n z" = {0} , i = i,...,Ar. 

So we can assume that u ^ (R") is of the form described in Lemma [ 
Let ip G SC™= (R"). Then 

■0M = IpT^Uj — E] ''7 ('/'7'"7) 

7eZ" 7eZ" 

with i^j-f = ip (t-^V)) where G (R") is the function considered in the proof of 
Lemma [2T3l We apply Lemma [2.31 and Proposition 12. II (b) to obtain 



762 



and 



||V'7%llws < C-SM E 11^" ('^('^-7V'))IIl2 I ll"7llws 
\ I Q I < m s 
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□ 



Hence another application of Lemma 12.31 gives 

llV'wIi^s < Cst\\ip\\]j„,J\i;\\lc^, J2 W^-rWn- 

Corollary 2.5. Let seW. Then 

BC°° (M") • W (R") C -W (M") 
Lemma 2.6. Let Ai, A2 > 0, Ai + A2 > n/2. Then 

I \— 2Ai ; \— 2A2 ^ I \— 2(Ai+A2) 

Proof. The case Ai ■ A2 = is trivial. Thus we may assume that Ai, A2 > 0, 
Ai + A2 > n/2. Then 

Since ^ + ^ = 1, by using Holder's inequality we get 



LP2 



with 



-2A, 



Pi 



, J = 1,2. 



-2(Ai+A2) 



Therefore, 



2A2 



< 




-2Ai 

K" 












(•), 


-2(Ai 


+ A2) 






-2(Ai + A2) 



PI P2 

LI 



LP2 



□ 

Lemma 2.7. Lef s, t € R, s + i > 7i/2. For e £ {0,s + t - n/2) we put a (e) = 
min {.s, t, s + t — n/2 — e}. Then 



where 



C (s, <, e, n) 



22(T(e) + l 



-2(s+t-(T(e)) 



-2(s+t) 



Li 



if S,t>0, 

i/ s < or t < 0. 
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Proof. Let us write a for a (e). 

Step 1. The case s,t>0. We have 



\v-i\>m 



l')-€l<il«l 



(a)If|r?-^|>i|a,then 
1 



< 



and 



Since s — + t = s + t — n/2 — e — (T + n/2 + e > n/2 + e > ti/2, the previous lemma 
allows to evaluate the integral on the domain |?7 — ^| > ^ |^| 

^Ir7-£l>i|fl ^h-fl>i|fl 



< 2 



< 2^ 



2a 



{■h 



-2(s+t-(T) 



(0, 



-2<T 



(b) If |r? - CI < 5 ICI, then |ry| > |C| - I?? - C| > 5 1^1- We can therefore use (a) to 
evaluate the integral on the domain |r? — C|<5|C|. It follows that 



\v-i[<m 



(C - ??>Rn' (??)Kn* dr] < 



I 



(C)R'^(€-C)R'*CiC 



< 2 



2(7 



(•), 



-2(s+t-<T) 



(0, 



-2ct 



(c) From (a) and (b) we obtain 



(•), 



-2(T 



S'fep ^. Next wc consider the case s < or i < 0. If s < and s + t > n/2, then 
a = s. In this case we use Peetre's inequality to obtain: 



-2t 



= 2H||(.)«5^+*)||^^(€>-^ 
The case t < can be treated similarly. 

Since ((•))* = {■)^ni ... (•)^nj , s = (si, Sj) G M-' we obtain 



□ 
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Corollary 2.8. Let s, t, e, (j{e) £ W such that, si +ti > ni/2, < ei < si + ti — 
ni/2, ai{e) =(t; (e;) = mm{si,ti,si +ti - ni/2 - ei} for any I G {l,...,j}. Then 
there is C (s, t, e, n) > such that 



-2t 



-2<t(£) 



Proposition 2.9. Lei s, t, e, a{e) € such that, s/ + t; > ni/2, < £; < 

si+ti-ni/2, ai (e) =ai (e;) = mm{si,ti,si +ti- n;/2 -ej for any I € 

Then 

Proof. Let us write tr for a [e). Let u,v & S (R"). Then 

ii«-^iiH. = ii(or^t'iiL^= / l((o^^^^'(Ol'cie 

= (27r)-'"y' |((C)rn*t;(0|'de 

By using Sciiwarz's inequality and the above corollary we can estimate the integrand 
as follows 



<(/ \{{v)ru{v)\'\{{^-v))'v{^-v) 



my 



dr] 



2a 

2td^ 



dry 



<C{s,t,e,n) / m)Yu{ii)? {{i-j^)fv{i-ri) 



Hence 



< C'(s,t,£,n) j iyj \{{'n)Tu{r,f {{^ - rj))' v - n) 

= C"(s,t,e,n) 

To conclude we use the fact that S (M") is dense in any (M"). 



dry 



dry d^ 



□ 



Corollary 2.10. Let seW. If si > ni/2, sj > nj/2, then W (M") is a Banach 
algebra. 

3. Kato-Sobolev spaces K.^ (M") 

We begin by proving some results that will be useful later. Let ip,tl> G Cq° (M") 
(or ip,ip gS{M."')). Then the maps 

M" X ffi" 3 {x, y) (x) tlj{x-y) = {ifTytlj) {x) G C, 
M"xM" 3 {x,y)^ip{y)^lj{x-y) = ip{y){ryij){x)eC, 
are in (K" x M") (respectively in S (K" x M")). To see this we note that 
f = {tp ^ ip) o T, g={(p^ilj)oS 
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where 

T : M"xM"^R"xM", T {x,y) = {x,x - y) , T 

S (x, y) = {y,x-y), S = 



I 
I -I 

I 

1 -I 



Let u G V (R") (or u & S' (M")). Then using Fubini theorem for distributions 
we get 

(u(g)l,/) = {{uiS'l){x,y),(p{x)'il;{x-y)) 
= {u{x),{l{y),ip{x)tp{x-y))) 
= {u{x),ip{x){l{y),i){x-y))) 



{x) ,<f{x) j tp{x-y) dy 
J V'^ {u, ^) 



and 



It fohows that 



vahd for 



{u®l,f) = {l{y),{u{x),ip{x)^{x-y))) 
= j {u,<fiTyil>)dy. 



(i) uel)'(R"), eCo""^™""^ 





(ii) u€S'{R"),(p,'iljeS 
We also have 



and 



Hence 



{u^l,g) = {{u(E)l){x,y),(p{y)tp{x-y)) 
= {u{x),{liy),ipiy)tp{x-y))) 

{u®l,g) = {l{y),{u{x),ip{y)i){x-y))) 
= j V>{y) {u, Tyi}) dy. 

{u,ip*ip) = / if (y) (u, Tyip) dy 



true for 

(i) u, ^ yu.-^ y, Y^, (/-■ c <^Q 

(ii) ueS' (M") , (p, V e 5 (M"). 



(i) ueV (R"), (^,^6 (M"); 
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Lemma 3.1. Let ip,'ip e C^f (K") (or ip,^p e 5 (K")) and u G P' (M") (or u G 
5'(]R")). Then 



(3.1) [ ip] {u,(p) = {u,ipTyi:}dy 



(3.2) 



{u,(fi*tp) = j if (y) {u, Tyip) dy 



If £1, ...,£n is a basis in R", wc say that F = 0?— iZej is a lattice. 

Let r c M" be a lattice. Let V e 5 (K")- Then E^er'^T^' = E^er V' (• - 7) 
is uniformly convergent on compact subsets of M". Since d^ip G <S(R"), it follows 
that there is * e C°° (M") such that 

Moreover we have r^^E' = (• — 7) = for any 7 e F. From here we obtain that 
* e BC°° (M"). If * (y) 7^ for any y € R", then i G SC°° (M"). 
Let ipGS{W). Then 

7er 

with the series convergent in S (R"). Indeed we have 



< sup (2/)"+^ la'^v (y) I E (^)' ^> (^) - 



7er 

n + l 



< 2^ sup {yr+' sup |a> (^)l 5^ (7)-"-' • 

7er 



This estimate proves the convergence of the series in S (R"). Let x be the sum of 
the series E7gr (''7V') i^i (R"). Then for any y G R" we have 



X{y) = {^y,X) = (sy,^ip{Tytp)^ 



So ^* = E^er^(^7^) in5(R"). 

l{ip,cp € (R") and 5 (R") is replaced by (R"), then the previous obser- 
vations are trivial. 

Lemma 3.2. Let u G P' (R") (or u G 5' (R")) and ^/',<i3 G (R") (or V, G 
5 (R")). Then * = E7er'^7V' e BC°° (R") is T-periodic and 

(3.3) («,vl/(/p) = ^(«,(r^V)^)- 

7er 
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Lemma 3.3. (a) Let x e S (M") and u e S' (R"). Then xu G 5' (M") n (R"). 
In fact we have 

(b) Lei ueV (R") (or w e 5' (R")) and x G C^f (E") (or x £ (R")). Then 
R" X R" 9 (2/, C) ^ (0 = {u, e-^<-«>x (• - y)) e C 
is a C°° -function. 

Proof Let g : x R^' ^ R, g (x, ^) = (x, 0- Then e~^9 (w (g) 1) e 5' (^EJ x R^'^ . 
liLpeS (m.'^^ , then we have 

(e"^«(-it(g)l),X«)v) = (u® l,e-^«(x«)<^)) 

;«(x),(l(0,e-^^(-'«)x(x)^(0; 

;j.(x),x(x)(l(e),e-^<--«V(0; 

and 

(xS,¥') = (e-''?(M(K)l),x«)<^) 

l(0,(«(x),e-i<-^«)x(^)^(0 

l(0,^(0(",e-^<-'«>x)) 

l(0,^(0(e-'^-^«>",x)) 

^(0(e-^<-'«>^.,x)d^ 

This proves that 



xS(0 = (e-^<-^«>?x,x), eeK". 



□ 



Let ueV (R") (or u e 5' (R")) and x e (R") \ (or x e 5 (R") \ 0). Let 
X e C(f (R") (or X e 5 (R"))and (p e (R")- By using we get 



11x11 



L2 



l(wr^x,<P>l < -^2- / ll"^aXll«s ||(T^x)(T-yX)^ll^i-=dy. 
IIxIIl2 ^ 

Let r C R" be a lattice. Let u <E V (R") (or u e S' (R")) and let x S (R") 
(or X e 5 (R")) be such that 

* = *r,x = E 1^7X1' > 0. 
7er 
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Then ^ e BC°° (M") and both are r-periodic. Let x e (K") (or x G 5 (M")). 
Using (|3.3p we obtain that 



7er 



7XII-HS 



7er 



(7-7 X) (tzX) 



< 



c* ^ ll"7-^xll-Hs II(t^x) (t^x) fW 

7er 



In the last inequality we used the Proposition 12 .41 and the fact that G BC°° (R"). 

If {Y, /i) is either E" with Lebesgue measure or F with the counting measure, 
then the previous estimates can be written as: 



We shall use Proposition 12.41 to estimate IKr^x) {'''yX) fW-u-^^- write rus 

for[|s|^ + 2±i] + 1. Then we have 

II(t.x) {Tyx)p\\n-^ < Cst sup |((r,a"x) (ryd^x))] Mn-^ ■ 

|Q+/3|<ms 

For any N G N there is a continuous seminorm p — p^^s on S (M") so that 

liTzd^x) {Tyd'^x) {x)\ < P ix) P ix) - zy^'^ {x - yy^^ 

< 2^p(x)p(x)(2a;-z-y)-^(z-2/)-^ 

< 2^p(x)p(x)(2-y)^'^, |a + /31<ms. 

Here we used the inequality 

{xy^^ (r)-^^ <2^ {x + vy^ {x-ry^ , x,y e m" 

which is a consequence of Peetre's inequality: 



{X + Yf <2f{xf {Vf 



{X-Yf <2f {xf{Yf 



{X + Yf {X - Yf < 2^ {Xf" {Yf" 



Hence 



sup I ((r,a"x) {ryd^x))\ < ^""pn. {x)pn,s (x) {z ~ v) 

1 <ms 



-N 



II {tzX) {TyX) V'll w-B < C (iV, s, x,x) - 2/) ^ Il<y5||?i-s , 
|(ur^X,v)l < C'(7V,s,x,x) lluT-^xll^s (z - y)"^ d/i (y)^ ||(^||^_ 



The last estimate implies that 



I|mt^xIIw= < c [N, s, x,x) (^J^ WuTyxWn- - v) ^ (y)^ 
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Let N — n + 1 and 1 < p < oo. If {Z, v) is either M" with Lebesgue measure or a 
lattice with the counting measure, then Schur's lemma implies 



a 



-n-l 



For p = 00 we have 

sup IIwt^xIIh- < C (n, s, x,X) (•)~"~^ 



sup ||WT3,x||^s • 



By taking different combinations of {Y, fi) and {Z, v) we obtain the following result. 

Proposition 3.4. Let u € V (R") (or u & S' (M")) and X G (R") \ (or 
X e 5(M") \ 0). Letl<p<co. 

(a) Ifx&C^ (R") (or X G 5 (»")), i/ien there is C (n, s, x,x) > such that 



j WuTyXWw 



dy] < C (n, s, x,x) 



j \W-TyX\\w 



dy 



sup ||uTgrx||„s < C (n, s, x,x) sup llwrj/xll^is • 
y V 

(b) IfTcK^isa lattice such that 

* = *r,x = E 1^7X1' > 

and X G (R") (or x G 5 (R")), t/ien t/iere is C (n, s, T, x,x) > such that 

(^J WuTyxWH' '^y^ ^ C{n,s,T,x,x) ^^WuTjxWn" 

sup llurgrxll^s < (n, s, T, x,x) sup Hmt^.x!!^. • 
y 7 

(c) IffcWisa lattice and x G C(f (K") (or x G 5(R")), i/ien there is 
C (n, s, r, X)x) > that 



^hT'yXWn-j ^ C'(",s,r,x,x) l|wTj,x||?fsdyj , 
sup IIutt^xII^s < C (n, s, f , x,x) sup \\uTyx\\^. ■ 



(d) // r, r c K" are lattices such that 



7er 



and X G (M") (or x G 5 (M")), then there is C (n, s,T, T, x,x) > such that 



< C {n, s, r, x,x) I E II^'^tXIIh- 
v7Gr 



sup||wtt;x||„s < C(n,s,r,x,x)sup||wT^xllH- 

7 7 
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Definition 3.5. Let 1 < p < oo, s e and u £ V (M"). We say that u belongs 
to ICp (R") if there is x ^ (IS") \ such that the measurable function B y ^ 
\\uTyX\\-n. e R belongs to Lp (M"). We put 



ll"lls,oo,x = ll"lls,ul,x = sup WuryXWw ' 

V 

Proposition 3.6. (a) The above definition does not depend on the choice of the 
function x&C^ (R") \ 0. 

(b) Ifx^C^ (R") \ 0, then \W^p^^ is a norm on K.^ (M") and the topology that 
defines does not depend on the function x- 

(c) Let r c M" he a lattice and % e Cq° (M") be a function with the property that 

* = *r,x = E 1^7X1' > 0. 
7er 

Then 

(E^erlK7Xll?is)' 1 < p < oo 
[ sup^ WuT^xWn- p = oo 

is a norm on ICp (K") and the topology that defines is the topology of fCp (K"). We 
shall use the notation 



\H 



1 

(E-yer hT^xWn") " 1 < P < oo _ 
sup^ IIutt-xII^s p = oo 



(d) 7/ 1 < p < g < 00, Then 

JC\ (M") c Kl (M") c 1C\ (M") c /C^ (M") = (M") c S' (M") . 

(e) //s'l < .si,,,.,,4 < sj, then IC^ (M") C /C^' (M"). 

(f ) (jC^ (R") , ||-||s,p,x) ^ Banach space. 

(g) li e /C; (R") if and only if there is I G {1, ...,j} such that u, dku G JC^'^' (R") 
for any k G Ni, where Si = {Sn, Sij). 

(h) If si > ni/2, Sj > nj/2, then /C^ (R") = (R") C BC (R"). 

Proof, (a) (b) (c) are immediate consequences of the previous proposition. 

(d) The inclusions /Cf (R") C K.^ (R") C /C^ (R") C /C^ (R") are consequences 
of the elementary inclusions l^ C P C I'' C l°°. What remains to be shown is the 
inclusion /C^ (R") = H^^ (R") c S' (R"). Let u G (R"), X e (R") \ and 
V? G (R"). We have 



IIxIIl^ J 

X r.2 ./ 
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\{u,(p)\ < —2- / \{uTyx,{T-yx)v)\^y 

\\x\\l2 

^ I \\^'^yX\\H-\\(^vX)'P\\H-'''^y 



11x11 



L2 



IIxIIl^ J 

We shall use Proposition 12 .41 to estimate ||(tj^x) "^H^-s- Let x G (Hi"), X = 1 on 
suppx. If nig — [|s|]^ + -^^^j + 1, then we obtain that 

||(r,x)^ll„-s < C sup |(5»(r,9'5x)|l|T,x||„-s 

Q+^|<ms 

= c sup |(a»(r,a'5x)|llxll„-s. 

\a+l3\<m^ 

Since X: £ (R") it follows that there is a continuous seminorm p = pn_s on 
S (R") so that 

\{d"^) (Tyd^x) < p(^)p(x)(a:-2/)-'("+''(x)-2("+i) 

< 2-+^p{^)p{x){y)-^"+'\ \a + (3\<mg. 

Hence 

1(^,^)1 <2"+ic^||u|L^^.^ (.}-'"+'^ ||x||„-.p(x)pM- 

(e) is trivial. 

(f) Let {un} be a Cauchy sequence in /C;(]R"). Since /C^ (R") C 5' (R") and 
S' (R") is sequentially complete, there is m G 5' (R") such that u„ — > u in S' (R"). 

Let r C R" be a lattice and x G (R") be a function with the property that 

* = *r,x - E l^-rXl' > 0- 

Then for any 7 G F there is € such that M„r^x ^ ""7 in (R"). As u„ u 

in 5' (R") it follows that u-y = ut^X for any 7 e F. 

Since {m„} is a Cauchy sequence in /C^ (R") there is A/ G (0, 00) such that 

11^" lis pT X — ^'^^ ^"'^■^ n eN. Let e > 0. Then there is such that if to, n > n^, 

then - Un|Lp^r,x ^ ^■ 

Let C F a finite subset. Then 

ll"^7Xll?^s ^ ll^^-r^ ~ UnT-^xWn- + 51 II 

^^n''7Xll^s 



< ll"^7X - UnT^Xll«s +M 



By passing to the limit we obtain (^^^p ||u'''7XII^b^ '' < M for any C F a finite 
subset. Hence uEKI (R"). 
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For C r a finite subset and m, n > we have 

By letting m ^> oo we obtain (^^^p \\ut^x ~ w„T-yx||^s^ < £ for any C F a 

finite subset and n > jie- Tliis implies that — > w in ICp (R"). The case p = oo is 
even simpler. □ 

Remark 3.7. Kato-Sobolev spaces are particular cases of Wiener amalgam spaces. 
More precisely we have 

Kl (M") = W{'W,LP) 
with local component "H^ (M") and global component LP(R"). Wiener amalgam 
spaces were introduced by Hans Georg Feichtinger in 1980. 

Proposition 3.8. Let s, t, e, a{e) E W such that, si + <; > ?i;/2, < e; < 
si+ti -ni/2, ai (e) =cr; (e/) = min {s;, t;, s/ + <; - n//2 - si} for any I e {1, j}. 
/f i + i = i, then 

J p q J. 7 

K-l (M") ■ /C* (R") c /C^ (R") 

Proof Let x & (K") \ 0, u e /C^ (R") §i w e (R"). By using Proposition [21] 
we obtain that uvTyX^ £ H"^ and 

Finally, Holder's inequality implies that 

□ 

Corollary 3.9. Let s €! R-' and 1 < p < oo. // si > ni/2, sj > nj/2, then 
ICp (R") is an ideal in /C^ (R") = H^-^ (R") with respect to the usual product. 

Now using the techniques of Coifman and Meyer, developed for the study of 
Beurling algebras A^j and (see |Co-Me) pp 7-10), we shall prove an interesting 
result. 

Theorem 3.10. W (R") = /C| (R"). 

To prove the result, we shall use partition of unity built in the previous section. 
Let iV e N and {xi,...,xn} C R" be such that 



[0, 1]" C X 



1 2 

3' 3 



Li ...U [XN + 



1 2 

3' 3 



Let heC§° (R"), h>0,he such that h = 1 on [i, §]" and supp/i C [i, |]". Then 
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(a) H = E^ez" '^i+^ih e >3C°° (K") is Z"-periodic and H > 1. 

(b) h,^^G (K"), h, > 0, supp/i, C x,+ [\, |]" = if,, (if, - if,)nZ« = 
{0}, *-l,...,iV. 

(c) X^ = ^7^. e BC°° (M") is Z"-periodic, i = 1, N and E^i X* = 1- 

(d) h = Eti e Co- (M"), > 0, ^7/^ = 1- 
Lemma 3.11. /C^ (M") C (M"). 

Proo/. Let m G /C| (M"). We have 

N 

u = with = {Tr^hj) u. 

j=l 7GZ" 

Since w S /C| (M") applying Proposition 13.41 we get that 

7GZ" 

Using Lemma [^31 it foUows that XjU G 'H^ (M") and 

WxMln^'^ I E ll(^7^.)«llw= I <C,I1"II 



s,2 



, 7G2 



where 2 is a fixed norm on /C| (R"). So u = Xj^^ G (R") and 

N / N 

||w||«s <Ell^j"ll«^= ^ E'^J I ll"lls,2 



□ 



Lemma 3.12. W (R") C /C| (R"). 

Proof. Then the following statements are equivalent: 

(i) ueW (R") 

(ii) XjU e W (R"), j = 1, ...,7V. (Here we use Proposition [O (c)) 

(iii) {\\{Tjhj)u\\^,}^^^,^ ePiZ"^), j ^1,...,N. (Here we use Lemma EjJ 

Since h = ^^'^ 

N 

l|(r»u||„. <E 11(^7^.) 7eZ" 

we get that { II (7-7/1) u||„s j^g^;- ^ l^i^")- Since /i = Y^^^i^j £ C;f (R"), /i > 0, 
E7ez" '^7'* = 1 it follows that -u e /C| (R") and 



^7eZ" '7 

ML2,h ~ II { 11(^7/^)^11 wJ^ez" 



P(Z") 



^ E||{ll(^-T/ij>llws}^gz„ 



ON KATO-SOBOLEV SPACES 



21 



□ 

Corollary 3.13 (Kato). Let s, t, e, a{e) E W such that, si+ti > ni/2, < ei < 
si+ti -ni/2, ai (e) =ai (ei) = mm{s;,i;,s; + - ni/2 - £;} for any I G {1, 
Then 

(M") • (K") c n" (M") , (k") • n^^ (m") c h" (k") . 

Lemma 3.14. Ifl<p<oo, then S (R") is dense in JC^ (R"). 

Proof, (i) Let ^ S (M") be such that V = 1 on B (0, 1), V^a;) = i}{ex), 
< £ < 1, a; e M". liuGW (M"), then V^u -)■ m in (K"). Moreover we have 



where 



C(s,n,V) = (27r)-"2l"li/2 sup f /(r?)'' 

0<£<1 \J 

= (27r)-"2l^li/2 sup ( [ ' 

0<E<1 \J 



dry 



(£77)' V' (^) 



dr? . 



(ii) Suppose that u G ICp (R"). Let F C Z" be an arbitrary finite subset. Then 
the subadditivity property of the norm ||-||;p implies that: 



IIV'^"-«lls,,,,Z",x^ 



By making £ — > we deduce that 



hmsup IIV'^'W — '"lls,p,Z",x 



for any F C finite subset. Hence hmg^o V'^^* = w in /C^ (R"). The immediate 
consequence is that 

(iii) £' (R") n Kl (M") is dense in /C^ (R"). 

(iv) Suppose that u e £' (M")n/C^ (R"). Let Lp E (R") bo such that supp(^ C 
5(0; 1), / ip{x)dx = 1. For £ e (0,1], we set = £"'V(-/£)- Let =suppM + 
B(0;1). Let X e (R") \ 0. Then there is a finite set F = Fk,x C Z" such that 
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{tiX) {fs * u — m) = for any 7 e Z" \ f . It foUows that 

\\iPe*U- w||s,p,Z",x = H II ("^tX) {Ve*U- u)\\^, 

» * u — wll^s — >■ 0, as e — >■ 0. 
4. Wiener-Levy theorem for Kato-Sobolev algebras 



□ 



We shall work only in the case j — 1, i.e. only in the case of the usual Kato- 
Sobolcv spaces. The case j > 1 can be treated in the same way but with more 
complicated notations and statements which can hide the ideas and the beauty of 
some arguments. So 



r) = e 5' (M") : (1 - Ar.)'/' ueL^ (M")} , 



(1-Ar.)^/2« 



Let 1 < p < cx), s e K and M e P' (R"). We say that u belongs to u £ /C^ (K") if 
there is x € Cq° (M") \0 such that the measurable function M" 9 y — >■ ||uTj,x||.j^5 G M 
belongs to Lp (M"). We put 

\Hs,oo,x = ll"ll«,ul,X = W'^'^vXWh^ ■ 

y 

In Kato's notation /C^ (M") = (M") the uniformly local Sobolev space of order 
s. 

Lemma 4.1. (a) SC™ (R") C (R") /or any m e N. 
(b) SC[I"I1+^ (R") C -H^i (M") /or any s e R. 

Proof, (a) Let u G SC™ (R") and x € 5 (R"). Then using Leibniz's formula 

we get that i9" (uTyx) G (R") for any a G N" with \a\ < m. Also there is 
C = C (m, n) > such that 

hryxW^^^ J2 \\d''{uryX)\\l. < C \\u\\ 

BC^ llxll?im , y G R" 

V|a|<m / 

which implies 

II"L,ui,x<c||«IIbc'" llxlk".- 

(b) We have BC[I'I1+^ (R") C ^['1''+^ (R") C ^[l' (R") C W^-^ (R"). □ 
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Let e Cg^(R"), if > he such that suppi/j C B{0;1), J ip (x) dx = 1. For 
£ e (0, 1], we set (fe = £^"(y5 (•/£)• 

Lemma 4.2. If s' < s, then 

Proof. We have 
with 

(eO - 1 = y (e-^<^-'«> - l) ^ (x) da: 
Since \e^^^ — l| < |A| we get 

If < s - s' < 1, then 

which imphes that 

\\ip, * u - u\\^^, < 2^~('~'')e'-'' \\u\\^. , uen' (R") . 
If s' < s - 1, then 

□ 

Let x,Xo e (K") \ be such that xo = 1 on suppx + B (0; 1). Let u G 
(M"). Then for < £ < 1 we have 

TyX {(pe*U~u)= TyX {(fe * (uTyXo) - UTyXo) . 

Proposition 12.11 and the previous lemma imply 

\\TyX{fe *U- u)\\^,, < Cs'^xWfe * {uTyXo) ~ UTyXoWy^s' 

< L's',x2 ■ J£ L S \\uTyXQ\\^s 

It follows that 



Definition 4.3. H^J"'^ (M") = (h^i (M") , |H|^.,_ 

s(s') 

Corollary 4.4. (a) If s' < s, then "H^i (M") nC°° (R") is dense m ' (R"). 
(b) If'j<s'< s, then BC°° (R") is dense in n'jf '^ (R"). 

Proof (b) If s > f , then 7^^^ (R") C BC (R"). Therefore (pe^'H^i (K") C SC°° (R"). 

□ 

We need another auxiliary result. 



24 



GRUIA ARSU 



Lemma 4.5. The map 

is well defined and for any x ^ 'S (M") \ we have the estimate 

Proo/. Let {ip,u) e Cif (R") x V.^^ (M"), x e 5(M") \ and ip e 5(M"). Then 
using (|3.2I) we obtain 

= y (y) (w, r.j, ((r^x) V^)) dy = J V (y) {{Tz~yX) u, T^yip) dy, 
where tp (y) = if {—y)- Since 

\{{Tz-yX)u,T^yij)\ < \\{Tz-yX)u\\^. l^-yV^II^-. < 1 1 " 1 1 s.ul.X ' ' ^ ' ' « " = 

it follows that 

\{tzx{v*u) ,tp)\ < \\(p\\ 

Hence Tzx{(p*u) E {W) and \\tzX {(p * u)\\^, < ||(^||^i ||u|ls,ui,x '^^^^y ^ ^ 
M", i.e. (/? * u e (M") and 

ll'/'*w|L,ul,x ^ llvllii ll"lls,ul,x 

□ 

Theorem 4.6 (Wiener-Levy for ^^1(1^"), weak form). Let H ^ H C and 
<P : i? C a holomorphic function. Let s > n/2. 

(a) //u = (ui, ...,Ud) G Hy]^ (R") satisfies the condition u(R") C i?, i/ien 

^'oM= <?(u) e-H^i(R"), Vs'<s. 

(b) Suppose that s' £ (n/2,s). Ifu,u, e 7^^^ (R")'', < e < 1, u(R") C ^? anrf 
u in H^i (R")"* as e — > 0, i/ien f/iere is Eq G (0, 1] such that (R") C O for 

every < £ < Eq and <l> (u^) —5- (u) in (R") as e — >■ 0. 

Proof. On we shall consider the distance given by the norm 
|z|^ =max{|zi|,...,|zd|}, z G C. 

Let r = dist (^u (R"), \ /8. Since w(R") C /2 it follows that r > and 

y B(y;4r) c /2. 

Let s' G (n/2, s). On 7^^^^ (R")'' we shall consider the norm 

111^.111,,^,, = max {11^.1 11,,^^, , , ueK, (M")' , 

where ||-||^, ^.^ is a fixed Banach algebra norm on H^i (R"), and on BC (M")'* we 
shall consider the norm 

|||n||U = max{|K|L,...,||n,|L}, ^.gSC(R")^ 

Since (R") c (M") there is C > 1 so that 

IMIoo<c^ll-lL',.i 
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According to Corollary SH BC°° (R") is dense in nJl (R"). Therefore we find 
V = {vi,...,vd) e BC°° {Wf so that 

lll"-"IIL',ui < ^/C- 

Then 

wllloo < c'lll"-«IIL',ui < 



Using the last estimate we show that v (M") C UkgR" ^ (^) ! ''')■ Indeed, if z S 
V (M"), then there is x £ M" such that 

\z-v{x)\^ <r- \\\v-u\\\^ 

It follows that 

< \z ~ V {x)\^ + \\\v - u\\\^ 

< -^^llloo + -'^llloo = 

SO z ^ B {u {x) ; r). 

From w (R") C U^gr- ^ (2^) > ^) S'^* 

t)(R") + -S(0;3r) C |J B {u{x) ;4r) C H, 

xSR" 

hence the map 



X B (0; 3r) 3 {x, C) ^ (w (a;) + C) e 



is weh defined. Let F (r) denote the polydisc {dB (0, 3r)) . Since w (R") +r (r) C /2 
is a compact subset, the map 

r{r)3C^ '^iC + v) e Bc[^']+i (R") c (R") 

is continuous. 

On the other hand we have 

(Ci +vi- ui)-^ , iCd + Vd - udV' e Hi (R") 

because - , \\ud - Vd\\s'. ni <r/C <r and |Ci| = ... = \Cd\ = 3r. 

It follows that the integral 

(4.1) h=^J - ''4±^ ,dC 

(27ri) Jvir) (Ci +vi- Ul) ... [Cd + Vd- Ud) 

defines an element h G H^^ (R"). 
Let 

6^ : (R") C BC (R") C, w ^ w (x) , 
be the evaluation functional at x G R". Then 

{2tT±)'^ 7r(r) (Cl - ("1 (x) - VI {x))) ... (Cd - {ud (x) - Vd (x))) 
= 'P iC + V (x)) \(;^u{x)-vix) ^ 'P {U (x)) 

because | u (x) — v (x) \^ < — f|||^ < r, sow (x) — v (x) is within polydisc F (r) . 
Hence h^<Pou='l>{u)E (R"), for any s' e {n/2, s) so 

$ou= ${u) eH'^^{R"), Vs'<s. 
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(b) Let So G (0, 1] be such that for any < £ < eo we have 

lll"-"^IIL'.ui < r/C. 



Then |||m-Uc||L < ^ - < r and (M") C U^eM'^ B (u (x) ■,r) C /2 
for every < e < eo- 
On the other hand we have IHw ~ ^.^ < UK' ~ ^-^ + |||u — Uelll^, ^-^ < 
r/C + r/C < 2r. It follows that 

(Ci +vi- uei)-^ , (Cd + vd- ued)'^ e ni (M") 

because \\uei - vi\\^, ,^-^ , \\ued - VdW^'^ui < 2^ and |Ci| = ••■ = |Cd| = 3r. 
We obtain that 

Hu.) ^ -^df 77 T^C 

(27ri) Jr{r) (Ci + vi - "eij ••• (U + Vd - Ued) 



Jrfr) (Cl + ^'l - "l) ■•• (Cd + Vd - Ud) 



{2'Ki f Jr{r) (Ci Ul) ... (Cd + Vd - Ud) 

as £ ^ 0. □ 

Remark 4.7. According to Coquand and Stolzenberg [CSj . this type of representa- 
tion formula, ( l^.jp , was introduced more than 60 years ago by A. P. Calderon. 

Lemma 4.8. Suppose that s > max {n/2, 3/4}. Let Q = Q C and <P : Q ^ C 

a holomorphic function. If u — (ui,...,Ud) G "H^j^ (K")'' satisfies the condition 
u (M") C n, then 

a.'Z'H^^ — mV'{«'), j = l,...,n. 

k=l ^'^ 

Proof Let s' be such that max{n/2, 3/4, s - 1} < s' < s. Then s' + s' - 1 > n/2. 
Let w = (ui, ...,Ud) G ('Hui (M"))''. We consider the family {we}o<e<i 

lie (^e * W (i^e * lil, i^e * lid) £ '^^1 (M")'' 



Then We w in V.^^ (R")" as e 0, a^iie = * a^-ii G n'^^' (R") and d^Ue d-j 



u 



in n^^-^ {R"f as e ^ 0. Since (m^) ^ (u) in (M") C (M") C V (M") 
(Theorem mi (b)), it follows that dj <Z> (li^) ^ 9^ <l> (li) in V (M"), j = 1, n. 
On the other hand we have 

d „ T 

fc=i ^'^ 

Let (5 > be such that s' - n/2 - S > 0. Then 

s' - 1 = min {s', s' - I, s' + s' - 1 - n/2 - 6} . 

Since 

d<l> d<l> 

— {u,)-^—{u), •H^,(M"), (Theorem |M](b)), k = l,...,d, 

OZk OZk 

djU, dju, in nii^^ {W f , j = 1, n, 
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using Proposition 13.81 we get that 

fe=l '^'^ fc=l 
for j = 1, n. Hence 

= ^ — inD'(R"), j = l,...,n. 

□ 



k=l " 



Remark 4.9. Lei us note that djU^k — '^e * djUk — > djU^ in 

Kf^ (M"), but djUk 

€ (U^")) J = 1: n, k = 1, d. r/iis remark leads to the complete version of 

the Wiener-Levy theorem. 

Theorem 4.10 (Wiener-Levy for (M")). Suppose that s > max {n/2, 3/4}. 
Let H = n (Z and <!> : il C a holomorphic function. If u = {ui, ...,Ud) G 
'^ui (Kl")'' satisfies the condition u (R") C O , then 

Proof Let s' be such that max {n/2, 3/4, s - 1} < s' < s. Then s' + s' - I > n/2. 
Let (5 > be such that s' - n/2 - S > 0. Then 

s — 1 = min {s' , s — 1, s' + s — 1 — n/2 — 6} . 

Since 



(u) G-H^i(R"), (Theorem [411(a)), fc = l,...,d, 



using Proposition 13.81 we get that 

d „ ^ 

fe=i ^'^'^ 

Now ${u) e ^^^(M") C ^^^"^(M") and dj^iu) £ -H^i"^ (M"), j = l,...,n imply 
^'(u) gH^i(M"). □ 

Corollary 4.11 (Kato). Suppose that s > max {n/2, 3/4}. 
(a) If u E (M") satisfies the condition 

|w(a;)|>c>0, xeW\ 

then 

- e (R") . 



(b) If u E 7^^]^ (IR-"), t/ien u (R") is the spectrum of the element u. 
Corollary 4.12. Suppose that s > max {n/2, 3/4}. Ifu = (ui, G ^ui (K")'', 



O-^^j (ui,...,M(i) = U(R")) 

where cr-^s^ (ui, u^) is the joint spectrum of the elements lii, li^ G H^-^^ (M"). 
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Proof. Since 

4 : (K") C BC (K") -^C, w^w{x), 

is a multiplicative linear functional, Theorem 3.1.14 of jHo2j implies the inclusion 
m(R") C cr-H- {ui,...,Ud). On the other hand, if A = (Ai,...,Ad) ^ then 



"A = ("1 - Ai) (ui - Ai) + ... + (ua - Xd) (ud - Xd) e (M") 
satisfies the condition 

ux{x)>c>0, X e R". 

It follows that 
and 

vi (ui - Ai) + ... + Vd {ud - Xd) ^ 1 



with vi = {ui — Xi)/u\, ...,Vd — {ud — Xd)/u\ G (R"). The last equality ex- 
presses precisely that A ^ ^-ni^ (wi, □ 

Corollary 4.13. Suppose that s > max{n/2, 3/4}. Let H = SI C and <l> : Q ^ 

C a holomorphic function. 

(a) Lei 1 < p < oo. If u — {ui,...,Ud) S /Cp (R")'* satisfies the condition 
ui (R") X ... X (R") C anrf z/ (0) = 0, t/ien 'P (u) e ICt (R"). 



(b) Ifu = (ui, Ud) e (R") satisfies the condition ui (M«) x ... x Ud (M") C 
and if <Z> (0) = 0, then <P (u) G Ti" (R") . 

Proof, (a) Since /C^ (R") is an ideal in the algebra H^i (R"), it follows that belongs 
to the spectrum of any element of ICp (R"). Hence G ui (R") x ... x Ud (R") C 
Shrinking i? if necessary, we can assume that H = Hi x ... x Sid with Uk (R") C S2k, 

= 1, d. Now we continue by induction on d. 

Let F : n ^ C he the holomorphic function defined by 



F{zi,...,Zd) 



[ 1^(0?..., Zd) z/ zi=0. 

Then (zi, Zd) = ziF (zi, Zd) + <P (0, z^), so 

(u) = uiF (u) + <P (0, Ud) G /C; (R") 

because uiF (u) G /C; (R") • T^^i (R") C /C;(R") and <?(0, G /C; (R") by 

inductive hypothesis. 

(b) is a consequence of (a). □ 

Corollary 4.14 (A division lemma). Suppose that s > max {71/2, 3/4}. Let t eM. 

such that s + t> n/2. Let u (R") n E' (R") and v G (R"). // v satisfies 
the condition 

\v (x)\ > c > 0, a; G suppu, 

then 

- G H™"^^^*^ (R") . 

V 
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Proof. Let ip G (K"), < </? < 1, = 1 on suppu, be such that 

\v {x)\ > c/2 > 0, a; G supp(^. 

Then w = ip \vf + (1 - tp) /4 e -H^i (M") satisfies w >((/?+ (1 - V')) = c^/i. 
If (5 satisfies < 6 < min {s + t — n/2, s — n/2}, then 

min {s, t} = min {s, s + t — n/2 — 6} . 

By using CoroUarv 14.111 and Corollary 13. 131 we obtain 

^ = - e (M") • (M") c (R") 

\v\ w 
This proves the lemma since 

□ 

5. Kato-Sobolev spaces and Schatten-von Neumann class properties 
for pseudo-differential operators 

We begin this section with some interpolation results of Kato-Sobolev spaces. 
For s = (si,...,Sj) G if 

F,^{veS' (M") :((•)}% G (K")}, 

Ikllws = ||((-))%||^2 , veFs, 

then the Fourier transform is an isometry (up to a constant factor) from T-L^ (R") 
onto Fs and the inverse Fourier transform is an isometry (up to a constant 
factor) from Fg onto H^(R"). The interpolation property implies then that J- 
maps continuously [W (R") (R")]^ into [Fg,Ft]g and J-^ maps continuously 
[Fs,Ft]g into [W (M") (K")]^, so that [W (W) (IR")]^ coincides with the 
tempered distributions whose Fourier transform belongs to [Fs,Ft]g (and one de- 
duces in the same way that it is an isometry if one uses the corresponding norms). 
Identifying interpolation spaces between Sobolev spaces (M") is then the same 
question as interpolating between some spaces with weights. The following 
lemma is a consequence of this remark and Theorem 1.18.5 in [Trij . 

Lemma 5.1. //s,t G W and < 6 < 1 then 

[•H" (M") , (R")] g = ■H(i-«)«+et (R") . 
Using the results of [Trij Subsection 1.18.1 we obtain the following corollary. 
Corollary 5.2. Let s,t G , l<po<oo,l<pi<oo,0<6<l and 
11-90 . .X . 

- = h— , a = {i-e)s + et. 

P Po Pi 

Then 

[pn (Z", (R")) , (Z", (R"))] g = F (Z", n"" (R")) . 
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We pass now to the Kato-Sobolev spaces. We choose XZ" £ (K") so that 
SfceZ" XZ" {■ — k) = 1. For fc G Z" we define the operator 

Sk : V (R") ^ P' (R") , Sku = (TfcXZ") 

Now from the definition of /C^ (R") it follows that the linear operator 

S : /C; (R") ^ F (Z", (R")) , Su = (Sfcw)^^^'^ 

is well defined and continuous. 

On the other hand, for any x £ (R") the operator 

R^-.F (Z",H" (R")) ^> /C; (R") , 

is well defined and continuous. 

Let u = (ufc)fce2;„ G P (R"))- Using Proposition EH we get 

IKTfe'XZ") ('rfcX)^*fc||-HB < Cat sup |((rfc'a"xz") (rfca'^x))! Ikfcll^a . 

|Q+/3|<ms 

where rrig = [|s|-|^ + -^^^y^] +1. Now for some continuous seminorm p — p„_s on 
S (R") we have 

\{{rk'd'^Xi.-){Tkd\)){x)\ < p(xz")p(x)(a;-fc')"'^"'''N2;-fc)-^("+i) 

< 2«+V(xz")p(x) (2a; - fc' - fc>"""' (fc' - fc)"""' 

< 2"+V(xz")p(x)(fc'-A:)"""\ |a + /?|<ms. 

Hence 

sup |((T,,a"xz")(rfea^x))| <2"+V(xz")p(x)(fc'-fc)"""\ 

|a+/3| <ms 

||(Tfe'XZ") (Tfex)"fe||-Ha < C'(n,s,xz",x) (fc' - fc) " ^||ufc||„s. 
The last estimate implies that 

||(Tfe'XZ")i?x < C'(n,s,xz",x) " ^)~"~^ • 

Now Schur's lemma implies the result 

( E ll(rfc'XZ")i?x(u)ll«=)' <C"(«,«,XZ-.,X)||(-)"""'||^, ( E W^nX ■ 

If X = 1 on a neighborhood of suppxz" , then XXZ" — XZ" and as a consequence 
R^S = Id5P(R„): 



^x^u = E (^feX)'5'feU= E (^feX) (TfcXZ") - 
= E ("^feXZ")" = u. 



Thus we proved the following result. 

Proposition 5.3. Under the above conditions, the operator R^ : P (Z",?^^) /C^ 
is a retraction and the operator S : JCp — > P (Z", Ti^) is a coretraction. 
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Corollary 5.4. Let s,t eR^ , 1 < po < oo, 1 < pi < oo, < 6* < 1 and 

1 1 - 



— , a = {l-e)s + et. 



P Po Pi 
Then 

[lC;jR"),ICl (M")], = /C^(M"). 

Proof. The last part of Theorem [SH (d) shows that {/C^,, (R") (R")} is an 
interpolation couple (in the sense of the notations of Subsection 1.2.1 of [Trij one 
can choose A = S' (K")). If F is an interpolation functor, then one obtains by 
Theorem 1.2.4 of 1^ that 



"""-F({'CJ„ (R"),K^i (R")}) II i^ku)f.^^„ II j^(|;po {Z^M''{M")),lPi (Z",«'(R"))}) 

By specialization we obtain 

[ACJ^ (K")X^i (R")]g II ('^'='")fc6Z" II [iPo (Z",«'=(K")),iPi (Z",«t(R"))]g 

\\i^'^'^)keZ"\\iP(Z",n''(R")) 

ll"ll/C5(R") 

□ 

In addition to the above interpolation results we need an embedding theorem 
which we shall prove below. First we shall recall the definition of spaces that appear 
in this theorem. 

Definition 5.5. Let 1 < p < oo. We say that a distribution u ^ V (R") belongs 
to 5*2, (K") if there is x & Co° (1^") \ such that the measurable function 

U^,p : R" ^ [0, +oo) , 

J J /.N / SUp^GR" 1^^(01 */ P = 00 

\ \\ \'^'^yX{i)\ dt/j if l<p<cx) 

belongs to L^ (M"). 

These spaces are special cases of modulation spaces. They were used by many au- 
thors (Boulkhemair, Grochenig, Heil, Sjostrand, Toft ...) in the analysis of pseudo- 
differential operators defined by symbols more general than usual. 

We now list some properties of these spaces. 

Proposition 5.6. (a) Let u e (R") and let x e (R"). Then the measurable 
function 

Uy,.p : R" ^ [0, +oo) , 
supygR„ |?2^^(C)| if p = oo 
I (J F'^yXlOl dy) if l<p<oo 



belongs to L^ (R"). 
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(b) // wefixx^ C(f (M") \ and if we put 

then \\-\\gp ^ is a norm on 5'^ (K") and the topology that defines does not depend 
on the choice of the function x G (K") \ 0. 

(c) Let I < p < q < oo. Then 

Si (R") c SP (M") c SI (R") c S^ (R") = S^, (R") c BC (R") c S' (R") . 

(d) // A e EndR (R") is invertible and u e S^ (R"), then ux = u o X e S^ (R") 
and there is C £ (0, +oo) independent of u and X such that 

II^Allsji <C|detAr"/^(l + ||A||)"||^|ls- 
A proof of this proposition can be found for instance in [A] , 

Lemma 5.7. Suppose that R" = R"^ x ... x R"j . If si > ni,...,Sj > Uj and 

1 < P < oo, then Kl (R") ^ SI (R"). 

Proof Let ueKl (R"). Let X, X e (R") \ be such that x = 1 on suppx- For 
y e R" we have 

UTyX = [uTyX] {TyX) =^ UTyX = (27r)"" UTyX * TyX. 

Then by Peetre's inequahty and by Cauchy-Schwarz inequahty, we obtain 



{{■))''uTyX II ((•))'' ^^11^2 



hence 
It follows that 

U^,P {0<C',^n\\x\\nA{0) 



S^^(0| < C'ln llwTj^Xll-Hs ||xll«s ((0)" 



SUPj,gR„ 1|WTJ^X||-Hs */ p=oo 

UhTyxWn^dyy if l<p<oo 



SO,^„||X||„=UU; I ii^ii i<p<oo 



which implies that 
\\u 



u e /c; (R") . 



In fact, the result proved in the particular orthogonal decomposition R" ~ R"i x 
... X is true for arbitrary orthogonal decomposition of R". 

First we shall associate to an orthogonal decomposition a family of Banach spaces 
such as those introduced in Section 2 and Section 3. Let j G {1, n}, 1 < p < oo 
and s = (si, Sj) G W . Let V = (Vi, Vj) denote an orthogonal decomposition, 
i.e. 



Vi 



V,. 
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We introduce the Banach space (M") = ny^'";'^^ (R") defined by 



L2 



We recall that if A : M" ^> F is an isometric linear isomorphism, where V is an 
euclidean space, then (1 — Ay)''^^ u = (1 — A^^^ (uo X) o (see appendix]^. 

Definition 5.8. Let I < p < oo, s e and m £ 2?' (R"). We say that u belongs 
to /CpY (M") if there is x ^ (K") \ such that the measurable function R" ^ 
y lluTyxll^s e R belongs to LP (R"). W^e put 



y l|wTyXll?!ij dy^ , 1 < p < oo, 



If A : R" — > R" is a orthogonal transformation satisfying A(R"i) — Vi, 
A (R"*") = Vfc, then the operators 

(R") 3 it^uoAe-H" (R") , 
/C^_v(R") 3 M ^ uoA G /C;(R"), 

are linear isometric isomorphisms (see appendix E| . 

A consequence of CoroUav 15.41 is is the following remark. 

Remark 5.9. Let s, t e R-' , 1 < po < oo, 1 < pi < cx), < < 1 and 
I l-O 6 , ^ 

- = + — , a ^{i~e)s + et. 

p Po Pi 

Then 

[/C^„,^(R"),/C*^,v(R")]e-^P,v(K")- 

The previous result and the invariance of the ideals S^j to the composition with 
A G GL (n, R) imply the following corollary. 

Corollary 5.10. Suppose that R" = Vi © ... © V,-. // si > dim Vi, Sj > dimVj 
andl<p<oo, then /C^y (R") ^ Sp (R"). 

The embedding theorem allows us to deal with Schatten-von Neumann class 
properties of pseudo-difTerential operators. 

Let T G EndK (R") = M„xn (R), a G 5 (R" x R"), w G 5 (R" x R"). We define 

Op^ (a) V (x) = (X, D) v {x) 

= (27r)"" / / e^^^'-y'-^'^a ((1 - t) x + ry, tj) v (y) dyd-q. 



liu,v G 5(R"), then 

(Op^(a)u,u) = {2TTy JJJ e^^^-y''^^a{{l-T)x + Ty,r])u{x)v{y)dxdydr] 

= {{{1(g) T^'^) a) oCr,u(S)v) , 

where 

Cr ■■ R" X R" R" X R", Cr {x, y) ^ {{I - t) x + ry, x - y) . 
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We can define Op^ (a) as an operator in B (5, S') for any a G 5' (M" x M") by 

^Op,(a) - {{I ® T-'^) a) O Cr 

Theorem 5.11. Suppose that R" x R" = © ... ® Vj. 

(a) Let 1 < p < oo, T e EndR (R") = M„xn (K) and a G /C^^y (R" x R"). // 
Si > dim ^1, Sj > dimVj", then 

Op^ (a) = (X, D) e (R")) 

where Bp (L^ (R")) denote the Schatten ideal of compact operators whose singular 
values lie in P. We have 

||0p, {a)\\^^<Cst\\a\\\\u\y^^^. 

Moreover, the mapping 

EndM (M") 9 r ^ Op^ (a) = {X, D) G (L^ (M")) 

is continuous. 

(b) Let T G EndR (M") = M„xn (R) and a G /C^ y (M" x R"). //si > dini^i, 
Sj > dim Vj , then 

Op^ (a) = a- (X,i?)GS(L2 (R")) 
llOPr (a)lls(L2(R„)) < Csi ||a|lK;-^_^ • 

Moreover, the mapping 

EndR (M") 9 T ^ Op^ (a) = {X, D) e B {L^ (M")) 

is continuous. 

Proof. This theorem is a consequence of the previous corollary and the fact that it 
is true for pseudo-differential operators with symbols in (R") (see for instance 
[X] for 1 < p < oo and 'B2' for p — oo). □ 

Theorem 5.12. Suppose that M" x M" = © . . . ® V,- . Let n = (dim , . . . , dim 1/^- ) , 
I audi <p < oo. IfT G EndR (M") = M„xn (R) and a G /C^"^^"^/^' (K" x R") 

then 

Dp^ (a) = (X, D) G Bp (L^ (R")) . 

Moreover, the mapping 

EndR (M") 9 r ^ Op^ (a) = (X, D) G Bp {L^ (M")) 

is continuous. 

Proof. The Schwartz kernel of the operator Op^ (a) is ((1 © a) oC^. Therefore, 
a G /C°v (R" X R") = (R" x R") implies that Op^ (a) G B2 [l^ (R")). Next 
we use the interpolation properties of Kato-Sobolev spaces /Cp y (W^) ^^nd of the 
Schatten ideals Bp (L^ (R")) to finish the theorem. 

/C° V (R" x M") , /C^"" (M" X R")j ^ = /C^"*^^^"^^ (R" x R") 

[S2(L2(R»)),Bi(L2(R«))%_^=Bp(L2(R")) ' ' 
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[B2 {L^ (M")) , B (R«))] = Bp (R»)) 



2 < p < 00. 

□ 



Appendix A. Convolution operators 



Let be an n dimensional real vector, V' its dual and : V x V' 

the duality form. We define the (Fourier) transforms 



Tv, : S' {V) ^ S' (y') 



by 









i^vum = 


/ Q-Hx,i)v.v' 
Jv 


u{x)dii (x) , 


(Tvum = 


Jv 


u{x)dfi (x) , 


{J^v'v){x) = 


Jv 




{Tv'v){x) = 


Jv 





Here /x is a Lebesgue (Haar) measure in V and ^' is the dual one in V such that 
Fourier's inversion formulas hold: Tv'°^v = '^S'{v)-, ^v°^V = l5'(v')- Replacing 
/i by c/i one must change ji' to ji' . These (Fourier) transforms defined above are 
unitary operators Ty ,Tv : {V) {V) and Tv,7v ■ (V) (V). 

If y = R" we use /it = m -Lebesgue measure in V with the dual n' = {2tt)~" m 
in V , so that JV — ^ and Tv = , where T is the usual Fourier transform. 

Let A : M" — >^ y be a linear isomorphism. Then there is c\ e C* such that for 
u e <S (F) we have 

J" (m o A) = CA {Tvu) o *A~^. 

Indeed, the measure mo is a Haar measure in V and therefore there is cx € C* 
such that m o A~^ = cx/j,. Then 

J-(uoA) = / e-^<^'-> (u o A) (y) dy = / e-'(^"'^' )« (a;) d (m o A"^) (a;) 

-i(^'*^"'->V,V' u (;,;) d/i (x) = CX (TVU) O *A-^ 



= Cx e 
Iv 

Similarly it is shown that there is c'^ G C* such that for w G iS iV') we have 

T-^ [w o *A-i) = (Tv'w) o A. 

Let us note that the above formulas hold for elements in L^, <S', .... Since the 
measures ^, and /u' are dual, we obtain that cxc\ = 1. 

uoA = T-^T{uo\)^cxT^^{{Tvu)o^\-^) 

= cxc'x {Fv'J^vu) o A = cac^ {u o A) 

cxc'x = 1. 
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Let a : y -> C be a measurable function. We introduce the densely defined 
operator a {Dy) defined by 

a{Dv)=7v'MaTv. 

Lemma A.l. Let \:W^ he a linear isomorphism. Then 

(a) u eV{a{Dv)) if and only ifuoXeV {{ao*X-^) (£))). 

(b) For anyuGV (a {Dy)) 

(a o *A-^) (£>) (w o A) = a (Dy) w o A. 

Proof, (a) The following statements are equivalent: 

(i) u€V{a (Dv)). 

(ii) aTvu G {V) . 

(iii) (aJ-yw) o*A-i e (R") . 

(iv) (a O *A-1) (j-yM O *A-1) G L2 (]^n-) ^ 

(v) (a o *A-i) J- (m o A) e L2 (M") . 

(vi) MO A e I?((ao*A-i) (D)) . 
(b) Let u e D (a (Dy)). Then 

(a o *A-i) (£)) (u o A) = J-iM„otA-i-?^(w°A) =caJ"-^ [(MaJ"yu)o*A-i] 
= cac';^ (^yMaJ^yw) o A = a (Dy) u o A. 

□ 

If a e Cp^i (T^') then the operator a (£>y) = TyMa^v belongs to B (5' (F)). In 
this case we have the following result. 

Lemma A. 2. Let A : M" — V 6e a linear isomorphism. If a & {V') then for 
any u&S' {V) 

(a o *A-^) (£1) (u o A) = a (£)y) w o A. 

Proof. By continuity and density, it suffice to prove the equality for u e 5 (F). But 
this is done in previous lemma. □ 

Suppose that (V, \-\y) is an euclidian space and that a is symbol of the form 

a = h(\-\l, 

where h G C^-^ (M) and \-\y, is the dual norm of 

Let A : M" — t- 1^ be a linear isometric isomorphism. Then *A~^ : M" V is & 
linear isometric isomorphism so that |-|^, o *A~^ = |-|, where |-| is the euclidian in 



I". It follows that 

■ I^U*A- 



Using the previous lemma we obtain the following result. 

Corollary A. 3. Let A : M" — > F 6e a linear isometric isomorphism. Ifb€ C^j^ i 
then for any u € S' (V) 



b (|L>|^) {uoX) = b (\Dv\^) uoX. 
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